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a b s t r a c t
We study some properties of O-convex and P-convex spaces and give a new proof of the
P(n)-convexity of ℓp sums of P(n)-convex spaces. Further we show using Ramsey’s theo-
rem that the space Eβ is P-convex. We define some moduli that characterize O-convexity
and P-convexity and compare them to a modulus defined by García Falset. This enables
us to establish some fixed point theorems. By means of several examples, we separate
P-convexity from several geometrical conditions known to imply the fixed point property
(FPP).
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Nonexpansive mappings are those having Lipschitz constant equal to one. A Banach space X has the fixed point property
(FPP) if, for each nonempty, closed, bounded, convex subset C of X , every nonexpansive mapping of C into itself has a fixed
point.
The FPP depends strongly on the geometric properties of the normofX . Since 1965,when it becameknown that uniformly
convex Banach spaces (hence in particular Hilbert spaces) have the FPP, determining conditions on a Banach space X so that
it has the FPP has been of considerable interest. A famous open problem in Banach spaces is whether every reflexive (or even
superreflexive) Banach space enjoys the FPP.
Since 2003, it has been known that uniformly nonsquare Banach spaces, a subclass of the superreflexive spaces, have the
fixed point property (see [1,2]). The classes of O-convex Banach spaces and of their dual spaces named E-convex spaces (see
definition below), introduced by Naidu and Sastry [3], lie strictly between the classes of uniformly nonsquare Banach spaces
and superreflexive spaces.
The class of O-convex Banach spaces contains properly another class of spaces, namely that of P-convex Banach spaces
(Kottman, 1970, see [4] and the definition below), which in turn strictly contains the class of uniformly convex Banach
spaces. The dual space of a P-convex space is called F-convex.
It seems to be an open question if P-convex Banach spaces have the FPP, although, in 2008, Saejung [5] proved that
F-convex Banach spaces have normal structure, a sufficient condition for the FPP in reflexive spaces. Moreover, recently
Dowling et al. [6] proved that E-convex spaces have the fixed point property.
The aim of these notes is to study some properties of both O-convex and P-convex Banach spaces. In Section 2 we give a
result concerning the permanence of P-convexity under ℓp sums. Notice that the permanence of the FPP under such direct
sums is an open problem. In Section 3 we define some moduli that characterize O-convexity and P-convexity and compare
them to the modulusεn0(X) defined in [1], and then we use them in Section 4 to get some fixed point results. Finally, in
Section 5,we separate P-convexity fromsome sufficient conditions for the FPP.We illustrate all of thiswith several examples.
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2. P-convexity and O-convexity
2.1. P-convexity
Throughout this paper (X, ∥ · ∥)will be a real Banach space. Often we will write X if no confusion is possible. We will use
the standard notation in Banach Space Theory. In particular, the closed unit ball {x ∈ X : ∥x∥ ≤ 1} and the unit sphere of X
will be denoted respectively as BX and SX .
We will use the following definition of P-convexity which is equivalent to the original one.
Definition 1. Let ε > 0, n ≥ 2. (X, ∥·∥) is P (n, ε)-convex if for every x1, x2, . . . , xn in BX there exist i ≠ j ∈ {1, . . . , n} such
that xi − xj ≤ 2− ε.
X is P(n)-convex if it is P (n, ε)-convex for some ε > 0, and X is P-convex if it is P(n)-convex for some n ∈ N . A Banach
space X is F-convex if and only if its dual space X∗ is P-convex.
In [7], Kolwicz and Pluciennik proved that the Musielak–Orlicz sequence space ℓφ(X) of Bochner type is P-convex if and
only if both spaces ℓφ (R) and X are P-convex, which implies that if X is P-convex, the same holds for ℓp(X) if 1 < p <∞.
Here we give a different proof of this fact, which shows that in fact if X is P(n)-convex, the same holds for ℓp(X) for the
same n.
Theorem 2. If X is P (n, ε)-convex, then for 1 < p <∞, ℓp(X) is P (n, ξ)-convex for a certain ξ .
Proof. Suppose that X is P (ε, n)-convex for n ≥ 3. We will denote by ∥·∥ the norm in X and by ∥·∥p the norm in ℓp(X). Let
k be such that
2p−1

n2 − n− 2− 2− ε
k
p n2 − n
2
+ (2− ε)p < 0. (1)
This is possible since limk

2− εk
p = 2p. We will see first, that in the case in which xi = x(i)l  ∈ ℓp(X) for i = 1, . . . , n
with ∥xi∥p = 1 and for every l ∈ N we have that
x(i)l  is constant, namely x(i)l  = βl for i = 1, . . . , n, there exist i ≠ j,
i, j ∈ {1, . . . , n} such that xi − xjp ≤ 2 − εk . Indeed, suppose to the contrary that 2 − εk < xi − xjp for i ≠ j, i, j ∈{1, . . . , n}. Thenx(i)l − x(j)l  ≤ 2βl (2)
and
1 =
∞
l=1
β
p
l . (3)
For i < j let Aij =

l ∈ N :
x(i)l − x(j)l  ≤ (2− ε) βl. Since X is P (ε, n)-convex, for every l ∈ N there exists a pair (i, j)with
i < j such that l ∈ Aij, that is
n
i=1
n
j=i+1
Aij = N. (4)
Then by (2) and (3) if i < j and Acij denotes the complement of Aij,
2− ε
k
p
<
xi − xjpp =
l∈Aij
x(i)l − x(j)l p +
l∈Acij
x(i)l − x(j)l p
≤ (2− ε)p

l∈Aij
β
p
l + 2p

l∈Acij
β
p
l
= (2− ε)p + 2p − (2− ε)p
l∈Acij
β
p
l .
Thus 
2− εk
p − (2− ε)p
2p − (2− ε)p <

l∈Acij
β
p
l
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and 
l∈Aij
β
p
l = 1−

l∈Acij
β
p
l < 1−

2− εk
p − (2− ε)p
2p − (2− ε)p .
Hence by (4)
1 ≤

i<j

l∈Aij
β
p
l <
n (n− 1)
2
+ n (n− 1) (2− ε)
p
2

2p − (2− ε)p − n (n− 1)2 2p − (2− ε)p

2− ε
k
p
,
that is,
n (n− 1)
2

2− ε
k
p
<
n (n− 1) (2− ε)p
2
+

n2 − n− 2
2
 
2p − (2− ε)p
= (2− ε)p + 2p−1 n2 − n− 2 .
But by (1), 2p−1

n2 − n− 2− 2− εk p  n2−n2 + (2− ε)p < 0 and this is a contradiction.
Now let 2 > ξ > 0 be such that
4

1− δp (2− ξ)
+ ξ < ε
k
, (5)
where k is as above and δp is the modulus of convexity of ℓp. This is possible since the left expression tends to 0 as ξ tends
to 0. We will see that ℓp(X) is P (n, ξ)-convex. Indeed, suppose that p ≥ 2 and let xi =

x(i)l

∈ ℓp(X) for i = 1, . . . , nwith
∥xi∥p = 1 such that
2− ξ < xi − xjp
for i ≠ j, i, j ∈ {1, . . . , n}. Then
2− ξ <
 ∞
l=1
x(i)l − x(j)l p
 1
p
≤
 ∞
l=1
x(i)l + x(j)l p
 1
p
≤ 2.
If we consider the sequences u(i) =
x(i)l l ∈ Slp , then u(i) + u(j) ≥ 2 − ξ and from δp 2 1− δp (2− ξ) = ξ2 , we
obtain ξ = 2δp (φ), where φ = 2

1− δp (2− ξ)

> 0. Thus
u(i) + u(j)p > 2− 2δp (φ) and hence ∞
l=1
 x(i)l − x(j)l  p
 1
p
= u(i) − u(j)p < φ. (6)
Now we may rewrite (5) as
2φ + ξ < ε
k
. (7)
For i = 1, . . . , n, let y(i) ∈ ℓp(X) be given by
y(i)l =

x(i)l
x(1)l x(i)l  if x(i)l ≠ 0
x(1)l if x
(i)
l = 0.
Then for every l ∈ N,
y(i)l  = x(1)l  and by (6), for every i = 1, . . . , n
y(i) − x(i)p =

l
y(i)l − x(i)l p
 1
p
=


l:x(i)l ≠0



x(i)l
x(1)l x(i)l  − x(i)l

p
+


l:x(i)l =0

x(1)l p

1
p
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=

l
x(i)l − x(1)l p
 1
p
< φ.
Thus by (7)y(i) − y(j)p ≥ x(i) − x(j)p − y(i) − x(i)p − y(j) − x(j)p
≥ x(i) − x(j)p − 2φ
≥ 2− ξ − 2φ
≥ 2− ε
k
.
Hence by the normalized case there exist i0, j0 such thaty(i0) − y(j0)p < 2− εk ,
and finally, again using (7),x(i0) − x(j0)p < 2− εk + 2φ < 2− ξ .
This proves that for 1 < p <∞, ℓp(X) is P (n, ξ)-convex. 
From the proof of the above theorem it follows that if Xi is P (n, ε)-convex for i = 1, 2, . . . then ℓp (Xi) is P(n)-convex.
However, as Naidu and Sastry observed, in general it is not true that the ℓp sum of P-convex spaces is P-convex. Clearly if Xi
is P (ni)-convex but not P (ni − 1)-convex and ni →∞, then ℓp (Xi) is not P-convex. Also, if Xi is P (n, εi), but not P (n, φi)-
convex for φi > εi, and εi → 0, then ℓp (Xi) is not P(n)-convex. But in this case it may be P(m)-convex for some m > n as
the following example shows.
Example 3. For 1 < λ <
√
2 let Xλ =

R2, ∥·∥λ

, where
∥(x, y)∥λ = max

|x| , |y| , 1
λ

x2 + y2 12 .
In [8] it is seen that ε0 (Xλ) = 2
√
λ2 − 1, where ε0(X) denotes the coefficient of convexity of X , and that Xλ is P (3, ελ)-
convex for some ελ > 0. Also it is shown that for any P (4, ε)-convex space X and hence for any P (3, ε)-convex space,
ε0(X) ≤ 2− ε. Thus in this particular case
ελ ≤ 2− ε0 (Xλ) = 2− 2

λ2 − 1.
As λ→√2, we obtain ελ → 0, and although Xλ is P(3)-convex, ℓp (Xλ) is not P(3)-convex.
However in [8] it is also shown that

R2, ∥·∥∞

is P (5, ε)-convex where ε = 1. Since ∥x∥∞ ≤ ∥x∥λ ≤
√
2
λ
∥x∥∞, then
if ∥xi∥λ ≤ 1 for i = 1, . . . , 5, there exist i ≠ j such that
xi − xjλ ≤ √2λ xi − xj∞ < √2λ (2− ε). Hence there exists
λ0 such that for λ0 ≤ λ <
√
2 we have that
xi − xjλ < 2− ε2 . Then, if φ = min min1≤λ≤λ0 ελ, ε2, we see that Xλ is
P (5, φ)-convex and thus ℓp (Xλ) is P(5)-convex.
Now we present some examples of P-convex spaces and of spaces that are not P-convex.
Example 4. Let Y be the space ℓ2 endowed with the norm
∥x∥ = max{∥x∥2, sup{|x(i)+ x (j) | : 1 ≤ i < j}}.
In [3] it is shown that this space is P-convex.
Example 5. Since every Hilbert space is P-convex, according to Theorem 1.3 in [3], the space ℓ2⊕1 ℓ2 endowed with the
norm
∥(x, y)∥ = ∥x∥2 + ∥y∥2
is P-convex.
Another example is the space Eβ which is used usually to test several of the known properties. It is rather complicated
to show that this space is indeed P-convex.
Example 6. Let Eβ be the space ℓ2 with the norm ∥x∥β = max (∥x∥ , β |x|∞), where ∥·∥ is the usual norm in ℓ2, |·|∞ is the
usual norm in ℓ∞ and β ≥ 1.
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In order to show that Eβ is P-convex we need the following proposition.
Proposition 7. Consider the space Eβ and suppose that β2 = n+ r, n ∈ N, 0 ≤ r < 1. Suppose that ε1 is such that 0 < ε1 <
1−  n+rn+1  12 .
Then if (xi)mi=1 ⊂ SEβ and β
xi − xj∞ ≥ 2− ε1 for i ≠ j, it follows that m ≤ 2n.
Proof. If ∥x∥β = 1, then by our assumption on ε1, if there exist j1 < j2 < · · · jn+1 with |x(j)| ≥ 1β (1− ε1), then
∥x∥2 ≥ (n+ 1) (1− ε1)2 1
β2
> (n+ 1) (n+ r)
n+ 1
1
β2
= 1.
Hence there are at most n entries such that |x(j)| ≥ 1
β
(1− ε1).
Observe that if β
xi − xj∞ ≥ 2− ε1, then β |xi|∞ ≥ 1− ε1 and β xj∞ ≥ 1− ε1.
Now write
xi =

r∈Ei
(sgnxi(r)) |xi(r)| er +

r∈Eci
xi(r)er ,
where Ei = {r : β |xi(r)| ≥ 1− ε1}. Then for r ∈ Eci , β |xi(r)| < 1 − ε1. Thus, since for all r we have that β |xi(r)| ≤ 1, if
i ≠ jwe obtain
β
xi(r)− xj(r) ≥ 2− 2ε1 if r ∈ Ei ∩ Ej and sgnxi(r) ≠ sgnxj(r)
β
xi(r)− xj(r) < (1− ε1)+ 1 = 2− ε1 otherwise.
Thus β
xi − xj∞ ≥ 2− ε1, only if Ei ∩ Ej ≠ 0 and there exists r ∈ Ei ∩ Ej with sgnxi(r) ≠ sgnxj(r). Since we proved above
that the cardinality of Ei is at most n, in order for β
xi − xj∞ ≥ 2 − ε1 for all i ≠ j, we see that we must assume that for
all i, Ei = {l1, l2, . . . , ln} where l1 < l2 < · · · < ln. If Φ = {φ1, . . . , φ2n} is the set of all φi =

ε
(i)
1 , . . . , ε
(i)
n

, ε
(i)
r = ±1,
for i = 1, . . . , 2n, r = 1, . . . , n and we let xi = nr=1 ε(i)r |xi (lr)| elr +r∉{l1,...,ln} xi(r)er , then for i ≠ j there is at least
one k such that ε(i)r ≠ ε(j)r , and thus we have that β
xi − xj∞ ≥ 2 − 2ε1. However, for any x ≠ xi for i = 1, . . . , 2n with∥x∥β = 1 with β |x (lr)| ≥ 1 − ε1 for r = 1, . . . , n and β |x(r)| < 1 − ε1 if r ≠ lj j = 1, . . . , n, there exists i such that
x =nr=1 ε(i)r |x (li)| eli+r∉{l1,...,ln} x(r)er and thus 0 < β |x− xi|∞ < 2−ε1. Hence we cannot find 2n+1 vectors satisfying
(xi)2
n+1
i=1 ⊂ SEβ and β
xi − xj∞ ≥ 2− ε1. 
Theorem 8. Eβ is P-convex.
Proof. Recall that Ramsey’s theorem states that for any three positive integers (r, s, t), there exists a least positive integer
R(r, s, t) such that for any complete graph on R(r, s, t) vertices, whose edges are colored green, blue or red, there exists
either a complete subgraph on r vertices which is entirely green, or a complete subgraph on s vertices which is entirely blue
or a complete subgraph on t vertices which is entirely red. So let N = R (2n + 1, 4, 2) be the corresponding Ramsey number
for the three colors, green, blue and red respectively.
Now let 0 < ε < min

ε1, 2
√
2− 1

where ε1 is as above, and suppose (xi)Ni=1 ⊂ SEβ and
xi − xjβ ≥ 2 − ε for
i ≠ j. Take the complete graph of N vertices colored as follows. If β xi − xj∞ ≥ 2 − ε but xi − xj2 < 2 − ε, let the
edge xixj be green, if
xi − xj2 ≥ 2 − ε but β xi − xj∞ ≤ 2 − ε, let xixj be blue and if xi − xjβ < 2 − ε, let xixj be
red. Then by Ramsey’s theorem there is either a complete green subgraph with 2n + 1 vertices, and this is not possible by
Proposition 7, or there is a complete blue subgraph with four vertices which is also not possible since it is known that ℓ2 is
P

3, 2
√
2− 1

-convex. So there have to be i0 and j0 with
xi0 − xj0β < 2− ε. 
Now we give an example of a space that is not P-convex.
Example 9. Let us consider the Bynum space ℓ2,1, that is, ℓ2 endowed with the norm
∥x∥2,1 = ∥x+∥2 + ∥x−∥2,
where x+, and x− stand respectively for the positive and negative part of the sequence x ∈ ℓ2. This space was introduced by
Bynum, and its dual space is ℓ2,1, that is, ℓ2 endowed with the norm
∥x∥2,∞ = max{∥x+∥2, ∥x−∥2}.
According to Theorem 3 in [5], if ℓ2,1 were P-convex, then its dual space ℓ2,∞ would have uniform normal structure. But it
is well known that ℓ2,∞ fails to have this last property. Then, ℓ2,1 is not P-convex.
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2.2. O-convexity
Now we turn our attention to the class of O-convex spaces, which includes the class of P-convex spaces.
Definition 10. Let 1 > ε > 0, n ≥ 2. (X, ∥·∥) is O (n, 2ε)-convex, if for every x1, x2, . . . , xn in BX (SX ) there exist i ≠ j ∈
{1, . . . , n} such that
min
xi + xj , xi − xj ≤ 2 (1− ε) .
X is O(n)-convex if it is O (n, 2ε)-convex for some 1 > ε > 0 and O-convex if it is O(n)-convex for some n ∈ N . A Banach
space X is E-convex if and only if its dual space X∗ is O-convex.
It is a known fact that O-convex spaces are superreflexive and hence the same is true for E-convex spaces.
Clearly every P-convex space is O-convex, but the following example shows that the converse is false, and from this it
follows that every F-convex Banach space is E-convex and that the converse is untrue.
Example 11 ([3]). Let Y2 be the space ℓ2 endowed with the norm
∥x∥ = max{∥x∥2, sup{|x(i)− x (j) | : 1 ≤ i < j}}.
Then X is not P-convex but is O(4)-convex [3].
The next space is another ℓ2 space whose definition is similar to the previous one, but which is not O-convex.
Example 12. Let Y3 be the space ℓ2 endowed with the norm
∥x∥ = max{∥x∥2, sup{|x(i)| + |x(j)| : 1 ≤ i < j}}.
In [3] it is proved that X is not O-convex.
3. Coefficients related to P-convexity and O-convexity
Wewill define some coefficients that tell uswhether a space is P(n)-convex orO(n)-convex and compare them to another
known coefficient.
Let X be a Banach space. For each n ≥ 2 we have the following.
Definition 13. ρn(X) = sup{ε > 0 : ∃ (x1, . . . , xn) ∈ BXn with
xi − xj > ε for i ≠ j, i, j = 1, . . . , n}.
Clearly, if X is infinite dimensional, ρn(X) ≥ 1.
Definition 14. Jn(X) = sup{min
xi − xj , xi + xj : i ≠ j, i, j = 1, . . . , n, (x1, . . . , xn) ∈ BXn}.
Definition 15. For ε ∈ [0, ρn(X)),
δn (ε) = inf

1− min
(x1,...,xn)∈Dn,ε
xi + xj
2

,
where Dn,ε =

(x1, . . . , xn) ∈ BXn with
xi − xj > ε for i ≠ j, i, j = 1, . . . , n.
Definition 16. ε0,n(X) = sup {ε ∈ [0, ρn(X)) : δn (ε) = 0}.
Observe that if ε = ρn(X), then there does not exist (x1, . . . , xn) ∈ Dn,ε and that ε0,n(X) ≥ ρn(X).
Some obvious properties of the coefficients are as follows.
Lemma 17. (i) 2 ≥ ρn(X) ≥ ρn+1(X) and X is P(n)-convex if and only if ρn(X) < 2.
(ii) If 0 < ε < ρn+1(X), then δn+1 (ε) ≥ δn (ε).
(iii) ε0,n+1(X) ≤ ε0,n(X).
(iv) Jn+1(X) ≤ Jn(X).
Lemma 18. The following assertions are equivalent.
(i) X is O(n)-convex.
(ii) Jn(X) < 2.
(iii) X is P(n)-convex, (ρn(X) < 2) or ρn(X) = 2 and δn (ε) > 0 for some ε ∈ [0, 2).
(iv) ε0,n(X) < 2.
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Proof. (i)⇐⇒ (ii) and (iii)⇐⇒ (iv) follow immediately from the definitions.
(i) H⇒ (iii). Suppose (i) holds and X is O (n, 2ϕ)-convex; if ρn(X) < 2, then X is P(n)-convex. If ρn(X) = 2, let
ε = 2− 2ϕ < ρn(X). Then, if (x1, . . . , xn) ∈ Dn,ε there exist i, j such that ∥xi+xj∥2 < 1− ϕ = ε2 , hence δn (ε) > 0.
(iii) H⇒ (i). If ρn(X) < 2, then X is P-convex and thus O(n)-convex. If ρn(X) = 2 but ε0,n(X) < 2, let 0 < ε1 < 2 such
that δn (ε1) > 0. Let η with δn (ε1) > η > 0 and ε ∈ [ε1, 2). Then δn (ε) ≥ δn (ε1) > η > 0. Hence, if (x1, . . . , xn) ∈ Dnε0 ,
we get that 1−min
∥xi+xj∥
2 : i ≠ j

> η. Let ϕ = min η, 1− ε2 . Now let (x1, . . . , xn) ∈ BX . We will show that there exist
i ≠ j such that either xi − xj < 2 (1− ϕ) or xi + xj < 2 (1− ϕ). If for some i, jwe have xi − xj < 2 (1− ϕ), we are
done. Otherwise
xi − xj ≥ 2 (1− ϕ) ≥ ε ≥ ε1 for all i ≠ j and thus 1−min ∥xi+xj∥2 : i ≠ j > η ≥ ϕ, that is there are
i, jwith
xi + xj < 2 (1− ϕ). 
From the above it follows that ε0,n(X) < 2 if and only if X is O(n)-convex.
Clearly, if ε0(X) is the usual coefficient of convexity, ε0,n(X) ≤ ε0(X) and the following example shows that strict
inequality may hold.
Next we show how the coefficient ε0,n(X) relates to another known coefficient, defined by García Falset [1] to study fixed
point results.
Recall thatεn0(X) = inf ε ∈ [0, ρn) :δn (ε) = 0 andδn (ε) = inf{1− ∥x1+···+xn∥n : (x1, . . . , xn) ∈ BXn , xi − xj ≥ ε for
i ≠ j, i, j = 1, . . . , n}.
Lemma 19. ε0,n(X) ≥εn0(X).
Proof. If (x1, . . . , xn) ∈ BXn ,
xi − xj ≥ ε and we assume that xn+1 = x1 and mini≠j ∥xi+xj∥2 = ∥x1+x2∥2 we get
∥x1 + · · · + xn∥
n
≤ 1
n
n
i=1
∥xi + xi+1∥
2
≤ n− 1
n
(1− δ (ε))+ 1
n
(1− δn (ε)) ,
that is,
δn (ε) ≥ n− 1n δ (ε)+ 1nδn (ε) .
Thus ifδn (ε) = 0, then δ (ε) = δn (ε) = 0. 
The following is a summary of the above results.
Corollary 20. For n ≥ 2,
(1) εn0(X) ≤ ε0,n(X) ≤ ρn(X) ≤ 2,
(2) ε0,n(X) ≤ ε0(X) ≤ 2.
The examples below show that all of the inequalities in the corollary may be strict.
Example 21. The space Y2 defined in Example 11 gives us a space with ε0,n(X) < 2 but ρn(X) = 2 and it is also known
(see [3]) that ε0(X) = 2.
Example 22. In Example 12 we mentioned that the space Y3 defined as ℓ2 endowed with the norm ∥x∥ = max{∥x∥2,
sup{|x(i)| + |x(j)| : 1 ≤ i < j}} is not O-convex. However, since ∥x∥2 ≤ ∥x∥ ≤
√
2∥x∥2, and ∥x1 + · · · + xn∥22 = n
n
i=1
∥xi∥22 −
n−1
i=1

j>i
xi − xj22, then, if ∥xi∥ ≤ 1 for i = 1, . . . , n and xi − xj ≥ ε, we get that
1
2n2
∥x1 + · · · + xn∥2 ≤ 1n2 ∥x1 + · · · + xn∥
2
2
≤ 1
n2

n
n
i=1
∥xi∥22 −
n−1
i=1

i<j
xi − xj22

≤ 1
n2

n
n
i=1
∥xi∥2 − 12
n−1
i=1

i<j
xi − xj2
≤ 1− (n− 1)
4n
ε2.
756 H. Fetter Nathansky, E. Llorens-Fuster / J. Math. Anal. Appl. 396 (2012) 749–758
Hence, if 2 > ε >
√
2, say ε = (2 (1+ k)) 12 with 1 > k > 0, one gets for n > 1+ 1k that
1− ∥x1 + · · · + xn∥
n
≥ 1−

2− n− 1
2n
ε2
> 1−

2−

1− 1
n

(1+ k) > 1−

2−

1− k
k+ 1

(1+ k) > 0.
Henceεn0(X) < 2 but for every n, ε0,n(X) = 2.
4. Fixed point results
We will see what the above results tell us about the FPP.
It is seen in [2], thatεn0(X) < 2 implies that X∗ has the FPP . Hence we obtain another proof of the fact shown in [6] that
if X is O-convex, then X∗ has the FPP .
Lemma 23. If X is O(n)-convex, then X∗ has the FPP.
Proof. If X is O(n)-convex,εn0(X) ≤ ε0,n(X) < 2. 
It is also a known fact, see [1], thatεn0(X) ≤ 1 implies that X has normal structure. Hence we have the following.
Corollary 24. If a Banach space X satisfies ε0,n(X) < 1, then X has normal structure.
Since O-convex spaces are superreflexive, and hence have the weak Banach–Saks property, the next result follows from
a theorem found in [9] that states that a space with the weak Banach–Saks property and as strongly bimonotone basis has
the FPP. Recall that a basis is strongly bimonotone, if for every interval of natural numbers F one has ∥PF∥ = ∥I − PF∥ = 1,
where PF is the natural projection onto F .
Lemma 25. If X is an O-convex Banach space and possesses a strongly bimonotone basis, then X has the FPP.
From García’s theorem it also follows that all the spaces in Examples 4–6, 9, 11 and 12, namely Y1, ℓ2⊕1 ℓ2, Eβ , ℓ21, Y2
and Y3, have the FPP.
5. Separation of P-convexity and other properties
Finally we will separate P-convexity from several sufficient conditions for the FPP. For more about this topic see [10].
5.1. E-convexity
As we pointed out above, E-convex Banach spaces, that is spaces whose dual is O-convex, are reflexive and have the FPP.
In [3] it is seen that the space Y1 defined in Example 4 is P-convex but not E-convex.
Conversely, consider the following example.
Let us consider the Bynum space ℓ2,1 as defined in Example 9. As we mentioned above, ℓ2,1 is not P-convex. However,
since it is well known that ε0(ℓ2, 1) =
√
2 < 2, then ℓ2,1 is uniformly nonsquare and hence E-convex.
5.2. Orthogonal convexity
This property is independent of asymptotic normal structure and weaker than the uniform convexity. It was introduced
in 1988. (See [11,12].) Banach spaces with the Schur property hence ℓ1, c0, c and the James space J , are orthogonally convex.
To define orthogonal convexity (OC) we need some further notation. For x, y ∈ X ,
Mβ(x, y) = B[x, 1+ β2 d(x, y)]

B[y, 1+ β
2
d(x, y)].
If A is a bounded subset of X, |A| = sup{∥x∥ : x ∈ A}.
If (xn) is a bounded sequence in X,D[(xn)] = lim supm(lim supn ∥xm − xn∥).
A Banach space (X, ∥.∥) is orthogonally convex if for every weakly null sequence (xn) with D[(xn)] > 0, there exists
β > 0 such that
lim sup
n
(lim sup
m
|Mβ(xn, xm)|) < D[(xn)].
[11,12] Every reflexive Banach space satisfying OC has the FPP.
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The Bynum space ℓ2,1 in Example 9 is orthogonally convex (see [11]) but it fails to be P-convex. However the space
ℓ2⊕1 ℓ2 defined in Example 5 is P-convex, as we already mentioned, but it fails to be orthogonally convex. To see this, for k
a positive integer put
v2k = (0ℓ2 , e2k), v2k+1 = (e2k+1, 0ℓ2).
It is obvious that the sequence (vn) is weakly convergent to (0ℓ2 , 0ℓ2), and that ∥vn∥ = 1 for n = 1, 2, . . . .
For n < m one has that ∥vn − vm∥ = 2 whenever n andm have different parity while ∥vn − vm∥ = 1 ifm and n have the
same parity. Thus, D(vn) = lim supm[lim supn ∥vm − vn∥] = 2. If β > 0 andm, n have different parity, since
∥(vm + vn)− vn∥ = 1 = 12∥vm − vn∥, ∥(vm + vn)− vm∥ = 1 =
1
2
∥vm − vn∥,
we have thatwm,n = vm + vn ∈ Mβ(vn, vm). Given that ∥wm,n∥ = ∥vn + vm∥ = ∥en∥2 + ∥em∥2 = 2, then
|Mβ(vn, vm)| ≥ ∥wm,n∥ = 2,
and therefore for every β > 0,
lim sup
m
[lim sup
n
|Mβ(vn, vm)|] ≥ 2 = D(vn),
which implies that ℓ2⊕1 ℓ2 fails to be orthogonally convex.
This shows that P-convexity is independent of OC, that is that OC neither implies nor is implied by P-convexity.
5.3. Property WORTH
A Banach space has the WORTH property (Rosenthal, 1983; Sims 1988) if limn | ∥xn − x∥ − ∥xn + x∥ | = 0 for all x ∈ X
and all weakly null sequences (xn) in X .
The problem of whether reflexive spaces with theWORTH property have the FPPwas raised by Sims. Recently, Fetter and
Gamboa [13] solved this problem in the affirmative. That is: If X is reflexive and it has the property WORTH, then X enjoys
the FPP. To show that property WORTH and P-convexity are independent, we give the following examples.
The space Y3 given in Example 12 is not O-convex and thus it is not P-convex. However it is easy to see that Y3 has the
WORTH property.
On the other hand the space Y1 in Example 4 is P-convex. But if (en) is the canonical basis in Y1, since for every positive
integer n > 1, one has that ∥e1 + en∥ = 2, ∥e1 − en∥ =
√
2 and the sequence (en) is weakly convergent to 0ℓ2 , then
limn | ∥en − e1∥ − ∥en + e1∥ | ≠ 0 and thus Y1 fails the WORTH property.
5.4. ANS
A Banach space X has asymptotic normal structure (ANS) if for every bounded, closed and convex subset K of X
consisting of more than one point, and every sequence (xn) ⊂ K with limn (xn − xn+1) = 0, there exists x ∈ K such that
lim infn ∥xn − x∥ ≤ diamK .
As we saw above in Example 6, for any β ≥ 1, Eβ is P-convex. However it is seen in [14], that for β ≥ 2, Eβ does not have
ANS.
On the other hand, the space ℓ21 in Example 9 is not P-convex but is known to have normal structure and thus has ANS.
Note added in proof
Shortly after this paper was accepted, we learned that Prof. E. Maluta independently proved that the spaces Eβ are
P-convex [15].
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